Examples of cases (a) and (b) are furnished by Schwartz' theory of ordinary, respectively tempered distributions. Our theory is always of type ec).
Next I mention some possibilities, advantages and applications of the present theory.
-OUr generalized functions are represented by trajectories, a concept which is very close to the physical intuition of what a generalized function should be.
-Test function spaces can be constructed that are invariant under a set of given operators. We can always do this in an abstract way. However, the A.3 characterization of thus obtained test spaces in terms of classical analysis may be a hard job. For results in this direction see [B] , [E l ], [ETh] , [EG] , [EGP] , [GZ] .
-Many of the test spaces of Gelfand-Shilov are special examples of SX,Aspaces. So our general theory applies to them. See [EGP] .
-Hyperfunctions of fixed bounded support can be represented by trajectories.
So our general theory also applies here. A paper on this subject is in preparation.
-A matrix calculus for continuous operators on nuclear SX,A and TX,A spaces has been developed. See [ETh] .
If T X,A is a nuclear space and B is an arbitrary self-adjoint operator in X, then there is a "Dirac basis" of TX,A consisting of eigenvectors of B.
See [ETh] , [EG 2 ].
-With the aid of trajectory spaces a mathematical rigorization of Dirac's formalism has been given which goes much beyond the traditional (attempts to) rigorizations. See [ETh] , [EG 1 ], [EG 2 ] . Also the CCR and CAR relations in the quantum theory of free fields have been given a mathematical interpretation which comes very close to physical usage. A paper on this subject is in preparation.
-A functional analytic model for quantum statistical mechanics with unbounded observables has been constructed. See [ETh] . A subset K c: SH,A is compact iff it is bounded and etA(K) is a compact set in H for some t > O.
A sequence (fn) c SH,A is Cauchy iff there is t > 0 such that (etA f n ) is a Cauchy sequence in H.
-SH,A is complete, bornological and barreled.
-SH,A is Mantel iff for every t > 0 the operator e -tA is compact on H.
-tA -SH ,A is nuclear iff for every t > 0 the operator e is Hilbert-Schmidt on H.
II. The trajectory space TH,A
In H consider the evolution equation
It is emphasized that lim t
+ O F(t) does not necessarily exist in H-sense.
A -tA A .
Take e.g. F(t) == e
x, x t D( ). The complex vector space of all trajectories is named trajectory spaae and denoted by TH,A' The space TH,A is considered as a space of generalized functions. Heuristically speaking, the initial condition of F(t), which is not necessarily an element of H, is a "generalized function".
H can be embedded in T H ,A by means of the linear mapping emb:
In TH,A a topology is introduced by the semi-norms
This topology makes TH,A into a Frechet space.
The elements of TH,A can be characterized as fOllOWS~tALet F E TH,A'
there exists w E Hand $ E B+ such that F(t) = w(A)e w, t > O.
Then
The following topological results are obtained: Similarly, three more kernel theorems are discussed.
In [EThJ the operator theory of Chapters IV, V and VI is developed further.
Amongst others, a kernel theorem is proved for extendable operators.
The program of this paper has also been carried out for general distribution A.9
Corresponding to any "initial condition" f € L2 em) there is a trajectory given by the well-known formula co (5) 
Note that G(x,t) "tends" to the a-function a(x-a) for t 4-O. Any derivative of G is again a trajectory.
With (5), its inversion formule (see [BJS] ) and some straightforward L 2 -estimates it can be shown that f E L2 (IR) belongs to S iff (a) f can be extended to an entire analytic function; Here 9 3 is one of Jacobi's theta functions [WW] , p. 464. An explicit expression for K t if ~ = ~ can be found in [B] . In a probably not generally known paper [GZ] , the Chinese mathematician Zhang Gong-Zhing See Chapter I, Theorem 1. 11 .
In [GZ] the dual space (Sa)' has been described by means of Hermite pansions a introduced by Korevaar, [K] .
Gong-Zhing has proved that the dual space (Sa)' can be identified with a Hermite pansions l: a 1/J which satisfy n n . Example 6:
The S-spaces are the respective Gelfand-Shilov spaces S~~:i, S~~:i.
These spaces are all nuclear. For the proofs see [EGP] . For each (l the S-space is nuclear and invariant under the Hankel transform-
The preceding examples can all be generalized to n-dimensions in a direct obvious way. These generalizations can also be obtained by application of the theory of Chapter V where topological tensor products of the spaces S and T are formed. From this it follows, see (M] The expression between { } can be factored into two evolution equations. 
The second factor can be written as a/at + A. From these considerations it follows that substitution of r = e-t in the Poisson integral formula, cf. [M] p. 41, leads to an integral expreSSion for e-tA A.16
Here ~ and n denote elements of ~, Le. unit vectors in m q + 1 • The "surface measure" of ~ is denoted by dw , while ~·n denotes the inner product of ~ q and n.
For fixed n the kernel in (9) denotes the trajectory of the o-function centered at n. For a representation of the kernel involving zonal harmonics, see (GSe] . Here the operator e-tA is obviously Hilbert-Schmidt. So kernel theorems are available. Similarly to Example 3 certain strongly divergent sequences of spherical harmonics can be "summed".
EXample 9: Analytic vectors.
In [Ne] , Nelson introduced the notion analytic vector. He uses the notation C W {A>. for SH,A' The notion analytic vector was also introduced for unitary representations of Lie groups {see [Ne] , (Wa] , [Go] and [Na] [Ne] , has proved that the operator A can be uniquely extended to a positive, self-adjoint operator in H. Denote its extension by A, also. Then we have, with [Ne] , [Go] , COJeu) = SH,A~'
Following [Go] , proposition 2.1, an op~rator aU{p) maps SHtA~ into itself.
Since aU (p) is skew-adjoint, continuity follows from Chapter IV Theorem 4.2 •.
In several cases the space SH,A~ is nuclear. We mention the following cases.
SH,A~ is nuclear if U is an irreducible unitary representation of G on H and one of the following conditions is satisfied:
G is semi-simple with finite center.
(ii) G is the semi-direct product A ® K where A is an abelian invariant subgroup and K is a compact subgroup, e. g. the Euclidean groups.
(iii) G is nilpotent.
For a proof see [NaJ, possibly other cases can be found in [Wa] .
This example has been taken from [ETh] .
